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‫ץ‬ ‫ץ‬t ͑t ͒ϭl ͩ r, ‫ץ‬ ‫ץ‬r ,t ͪ ͑t ͒,
͑1͒
where the operator l(r,‫ץ/ץ‬r,t) is random with specified statistics. With appropriate identification, Eq. ͑1͒ may model a wide variety of physical situations. Just to mention one of particular interest, Eq. ͑1͒ may be the Liouville or the Fokker-Planck equation associated with a set of random nonlinear ordinary differential equations, and the method presented below may thus serve studying these equations as well. The complete solution of Eq. ͑1͒ amounts to determining the statistics of (t). Here, we shall determine only the mean value ͗(t)͘, which is of special interest since it fixes the one-point statistics of any quantity evolving on the phase space ͕r͖. Despite the linear character of Eq. ͑1͒, averaging of this equation leads to the highly nontrivial closure problem of determining ͗l(t)(t)͘. One of the most powerful approximations for the solution of this problem is Kraichnan's direct interaction approximation ͑DIA͒ ͓1͔. However, the DIA has the defect that it misrepresents the sweeping; that is, the effect of the large scales of l(t) on the small scales of (t). In particular, the DIA is not valid for short times, and gives reliable information on the asymptotic dynamics of ͗(t)͘ only if the sweeping becomes negligible as t→ϱ, which need not be the case. In this Rapid Communication, we propose an approximation, referred to as the modified direct interaction approximation ͑MDIA͒ which accounts for the sweeping more correctly than the DIA. In particular, the MDIA is valid for all times and is asymptotically equivalent to the DIA only if the sweeping is negligible as t→ϱ. Since the MDIA is worked out in the Eulerian frame, it is an interesting alternative to the complicated Lagrangian modifications of the DIA ͓3͔.
We shall present the MDIA for the general case, then apply it on the problem of the passive advection of a scalar quantity by a three dimensional incompressible random velocity field, a problem that arises in many contexts ͑mass, charge, and heat transport in turbulent fluid, in porous media, etc.͒ Then Eq. ͑1͒ specializes to
where D 0 is the molecular diffusion coefficient and the velocity v(r,t) is taken to be a Gaussian random process, statistically isotropic ͑hence zero-mean and homogeneous͒ and stationary. Then, the statistics of v(r,t) are fully specified by the scalar covariance (r 2 ϭr•r),
The quantity E(k,t) will be referred to as the energy spectrum. By definition, it is normalized as
where v Ã is the root-mean-square velocity in any direction, and, using E(k,t), we shall measure characteristic lengthscale l Ã and time-scale t Ã of the velocity from
͑4͒
Note that we do not require that these integrals be finite; we may have l Ã ϭϱ, meaning that much of the energy is concentrated in the large scales of v(r,t), or t Ã ϭϱ, meaning that v(r,t) has no effective decorrelation with time. As applied to Eq. ͑2͒, we will show that the MDIA is valid for all times since it accounts correctly for the sweeping effects. the asymptotic dynamic is superdiffusive and non-Gaussian, and we will be able to quantify both these features ͓see Eqs. ͑23͒ and ͑24͔͒. In particular, since l Ã ϭϱ in the superdiffusive range, the large scale effects are essential, the sweeping is never negligible and, hence, the DIA cannot be used.
We now present the MDIA for Eq. ͑1͒. 
it follows that Eq. ͑6͒ may be rewritten as
Upon iterating and averaging, Eq. ͑8͒ leads to the following infinite perturbation series expansion for H(t͉tЈ):
where H 0 (t͉tЈ) was defined in Eq. ͑7͒ and, e.g.,
Truncation of Eq. ͑9͒ at any order yields an approximation for H(t͉tЈ) only valid on a finite time interval. Improvement is obtained by partial resummation ͑or renormalization͒ of the series ͑9͒. One way to proceed is as follows. 
In Eq. ͑13b͒, the operator H 0 Ϫ1 (t͉tЈ) is the inverse of
. Expansion ͑12b͒ is the so-called time-ordered cumulant expansion ͓2͔. Truncation of Eqs. ͑12a͒ and ͑12b͒ at order 2 leads respectively to the quasinormal approximation ͑QNA͒ and the quasilinear approximation ͑QLA͒. Roughly, both these approximations are valid for all times if H(t͉tЈ) evolves on a time scale that is much longer than the time scale associated with l(t). For approximations based on Eq. ͑11a͒, it is well-known that reworking the series for Q(t,tЈ) as a series in H(t͉tЈ) rather than H 0 (t͉tЈ) leads to improved approximations, since it achieves a further resummation of the original series ͑9͒. We claim that a similar improvement is obtained for approximations based on Eq. ͑11b͒ by reworking the series for P(t,tЈ) as a series in H(t͉tЈ) rather than H 0 (t͉tЈ), since it also achieves a further resummation of the series ͑9͒. ͑iii͒ In contrast with the DIA, the MDIA is valid for the short times. Direct calculation shows that, in contrast with the DIA, the MDIA is exact for a Gaussian l(t) in Eq. ͑1͒ as long as the following local approximation is valid: l(r,‫ץ/ץ‬r,t)Ϸl(rЈ,‫ץ/ץ‬r,t), where rЈ is some fixed position in phase space. Since initially g(r,t͉rЈ,t)ϭ␦(rϪrЈ), this local approximation is valid on some time interval, and the MDIA is indeed valid for the short times.
͑iv͒ The MDIA accounts for the sweeping more correctly than the DIA. First, it results from point ͑iii͒ that, in contrast with the DIA, the MDIA is exact for pure sweeping; that is, if l(r,‫ץ/ץ‬r,t)ϵl(‫ץ/ץ‬r,t), Gaussian. Second, since the MDIA is local in time ͑and not convolutive, like the DIA͒, it appears to account more correctly than the DIA for the average effect of a so-called random Galilean transformation ͑RGT͒ ͓3͔; that is, l(r,‫ץ/ץ‬r,t)→l(rϪvt,‫ץ/ץ‬r,t)Ϫv•‫ץ/ץ‬r, where the constant v is some Gaussian random variable statistically independent on l(t). Note however that since the MDIA is worked out in an Eulerian and not a Lagrangian frame, it cannot account exactly for a RGT.
As an illustration, we now apply the MDIA on Eq. ͑2͒, i.e., on the specific problem of the advection a scalar quantity by a random velocity field ͑for the predictions of the DIA, see, e.g., Ref.
͓4͔͒. Owing to the statistical isotropy and stationarity of the velocity field v(r,t), it follows that H(t͉tЈ) ϭH(tϪtЈ) and H(t)␦(rϪrЈ)ϭG(͉rϪrЈ͉,t).
Here G(r,t) may be interpreted as the probability density that a particle randomly advected by v(r,t) and subject to molecular diffusion is in rϩrЈ at time tϩtЈ if it was in rЈ at time tЈ. Also, the average of the solution of Eq. ͑2͒ is ͗(r,t)͘ ϭ͐drЈG(͉rϪrЈ͉,tϪt 0 ) 0 (rЈ). Introducing the Fourier representation in which sin(k,q) is the sine of the interior angle opposite to p in a triangle of sides k, p and q. As a first straightforward consequence of Eq. ͑16͒, we note that for a pure sweeping flow, v(r,t)ϵv(t), for which E(k,t)ϭ 1 2 ␦(k)͗v(t)•v(0)͘, the MDIA is exact since it leads to the Gaussian
where w(t)ϭ
In contrast, the DIA equations are wrong in this case: they can be solved analytically in the time representation only for a time-independent sweeping flow, v(r,t)ϵv, where they lead to Ĝ (k,t) ϭJ 1 (2kv Ã t)/(kv Ã t) ͓here, J 1 (x) is a modified Bessel function͔ ͓4͔, while the exact result ͑19͒ is in this case Ĝ (k,t) ϭe
. Note also that, if t is small enough, Ĝ (k,t) is mostly flat compared to the spectrum E(k,t), and the flow can be approximated by a pure sweeping flow. Consequently, in contrast with the DIA, the MDIA is valid for the short times.
To further argue that the MDIA accounts correctly for the sweeping, we consider the effect on Eq. ͑16͒ of the RGT v(r,t)→v (r,t)ϵv(rϪut,t)ϩu, where the constant velocity u is a statistically isotropic Gaussian random variable, statistically independent on v(r,t) and whose mean square value in any direction is u Ã 2 . The RGT adds a term Ϫk 2 u Ã 2 Ĝ (k,t) on the right-hand-side of Eq. ͑16͒, and from Eq. ͑17͒ it follows that the effect of the transformation may be accounted for by Ĝ (k,t)→Ḡ (k,t)ϵb(k,t)Ĝ (k,t) for some factor b(k,t). Furthermore, direct calculations from Eqs. ͑16͒-͑18͒ show that for both short and asymptotic times, b(k,t) reduces to the exact form it must have,
Equation ͑20͒ should be observed for all times ͓3͔. However, for intermediate times, the MDIA predicts ͑very͒ small departure of b(k,t) from the Gaussian factor ͑20͒. Consider now the asymptotic solution of Eq. ͑16͒. Since Ĝ (k,t) becomes more and more peaked around kϭ0 as time goes on, the long time solution of Eq. ͑16͒ mainly depends ͓via the factor pK (k,p,t) ] on the leading term of the series expansion in kϭ0 of the energy spectrum. Without losing much in generality, we shall take
for some function (t/ Ã ). Strictly speaking, we should restrict to the range Ϫ1Ͻ␣ in order to ensure the k integrability of E(k,t); however, owing to the normalization ͑3͒ of E(k,t), the limit ␣ϭϪ1 of Eq. ͑21͒ can be interpreted as
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corresponding to a pure sweeping field for which E(k,t) ϭ 
where (t) is the particle displacement at time t measured in any particular direction. The explicit forms of ͗ 2 (t)͘ and f (x) depend on the spectrum. Provided only that either t Ã or l Ã are finite, they are 
where c Ͼ0 is a numerical constant. The expression for f (x) is rather cumbersome in this case, but we may prove that this function tends towards the Gaussian e Ϫx 2 /2 in both the limits ␣ϭ1 and ␣ϭϪ1 ͓the latter limit is exact; we recover Eq. ͑19͒ for the pure sweeping flow͔. Furthermore, the departures from Gaussianity are rather weak in all the range Ϫ1Ͻ␣ Ͻ1, with a maximum around ␣ϭ0, and may be quantified by the flatness factor, which is estimated as
Thus, the distribution G(r,t) has less weight in the tail beyond its mean than a Gaussian distribution, an effect presumably related to some amounts of trapping of the particle. Higher moments can be estimated as well, and suggest that G(r,t) is approximately Gaussian for r of the order of ͗ 2 (t)͘ but has the shape of a quenched exponential for r ӷ͗ 2 (t)͘ ͑we were unable to give a rigorous proof of this point, however͒. Note also that in the present range, the MDIA is not asymptotically equivalent to the DIA since the dynamics is not Markovian as t→ϱ. Of course, since the sweeping is never negligible here, the DIA is out of its range of validity ͓6͔. Specifically, even though the DIA leads to the scalings ͑23͒ for the particle mean square displacement ͓4͔, it overestimates the departure from Gaussianity in all the range Ϫ1р␣Ͻ1, and, in particular, it fails to predict the relaxation towards Gaussianity in the limit ␣ϭ1.
Since the MDIA is exact for short times and gives reasonable results for long times, it leads to the confidence that, in contrast with the DIA, it is valid for all times. This conclusion can be confirmed by numerical integration of Eq. ͑16͒. For instance, for flows leading to standard diffusion, Eq. ͑16͒ reproduces for all times the results observed in the numerical simulations of particles motion in random flows ͓4͔, and, in particular, it accounts for the observed departures from Gaussianity at intermediate times ͑with a flatness factor smaller than 1͒. R. Balescu played an essential role in the evolution of this work. I express sincere thanks to D. Carati and A. Grecos for helpful discussions and criticisms.
